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Abstract. In this paper, we established the boundedness for a large class of multisublinear
operators T a E(O,mn) generated by multilinear fractional integral operator on

a,m?
product generalized Morrey spaces MpM(R")x...prwm (R"). We find the

sufficient conditions on (gol,..., [/ go) a which ensures the boundedness of the operators
T from Mpl,%(Rn)x“'XMpm,wm(Rn) to M, (R”) for

a,m
1q=1p, +..+1Yp, —a/n. The multisublinear ~operators under consideration

contain integral operators of harmonic analysis such as multi-sublinear fractional maximal
operators Ma .. Multilinear fractional integral operators Ia . etc.
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1. Introduction.
Multilinear Calderéon-Zygmund theory is a natural generalization of the
linear case. The initial work on the class of multilinear Calderon-Zygmund

operators was done by Coifman and Meyer in [2] and was later systematically
studied by Grafakos and Torres in [5,6].

The classical Morrey spaces, introduced by Morrey [18] in 1938, have

been studied intensively by various authors and together with Lebesgue spaces play
an important role in the theory of partial differential equations. Although such
spaces allow to describe local properties of functions better than Lebesgue spaces,
they have some unpleasant issues. It is well known that Morrey spaces are non
separable and that the usual classes of nice functions are not dense in such spaces.
Moreover, various Morrey spaces are defined in the process of study. Guliyev,

Mizuhara and Nakai [8,16,19] introduced generalized Morrey spaces M, | (R”)
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(see, also [9,10,14,20]). In [10] is defined the generalized Morrey spaces M -
with normalized norm

- =T
I1l,,. = stp_olxr) B0 If], 0y

where the function ¢ is a positive measurable function on R" x(0,0). Here and
everywhere in the sequel B(x,r) isthe ball in R" of radius r centered at x and
|B(x, r)| :Vnrn is its Lebesgue measure , where v, is the volume of the unit
ball in R".

For xe R" and r >0, we denote by B(x,r) the open ball centered at
x of radius r, and by ©B(x,r) denote its complement. Let [B(X,r)|be the

Lebesgue measure of the ball B(X,r). We denote by f the m-tuple
(f, fpre £), ¥ =(Yy,en Y, ) and dy =dy,...dy, .
Let feL'gf(R")x...x L';’;(R”). The multi-sublinear fractional maximal

operator M is defined by

a,m

am( XX SUp|B(X r)| H|B(X r)|-"B(Xr) i yl’ Osa<mn'

In [15] Kenig and Stein studied the following multilinear fractional integral,
..
L ()= )=fs (yl) oUn) 4y dy dy

i ym)mn 14

and showed that I, is bounded from product Lpl(R")x...x me(R") to

L (R") with 1/q=1'p, +..+1/p,, - /n>0 foreach p, >1 (i =1.,m) If
some p; =1, then I, 1, is bounded from Lpl(R")x...x me(R")to WLq(R”),

where WL, (R”) denotes the weak L, -space of measurable functions on R" .

Obviously, the multilinear fractional integral operator | is a natural

a,m

generalization of the classical fractional integral operator |, =1 ,,.

It is well known that multi-sublinear fractional maximal operator and
multilinear fractional integral operator play an important role in harmonic
analysis (see, also [1,4,15,17]).
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Suppose that T a e(O,mn) represents a multilinear or a multi-sublinear

a,m?

operator, which satisfies that for any fe I_l(R")x...x I_l(R”) with compact

supportand X ¢ ﬂsup pf,

( Xx)( C, j ‘f o) Fa (V) —dy,dy,...dy_ (1)

_ memn 124

for some « (0, mn), where Cl is mdependent of fand X.

The condition (1) is satisfied by many interesting operators in harmonic
analysis, such as the multi-sublinear fractional maximal operator, multilinear
fractional integral operator, and so on (see [4,12,15] for details).

In this work, we prove the boundedness of the multi-sublinear operator
ae (0, mn) satisfies the condition (1) generated by multilinear fractional

T

a,m?

integral operator from M, = x..xM_ _ to M, ,if 1<p,,.., p, <o and

Yq=Yp, +..+1p, —a/n, and from the space M, , x..xM to the

Pm@m

weak space WM g ,, , if 1<p;,...,p, <o, I/q=1/p, +..+1/p, —a/n and

at least one p, equals one (Theorem 2.3). Finally, as applications we apply this

result to several particular operators such as the multi-sublinear fractional maximal
operator and multilinear fractional integral operator.

By A<Bwe mean that A<CB with some positive constant C
independent of appropriate quantities. If A<B and B<A, we writt A~ B and

say that A and B are equivalent. .
2. Main Results

In this section, we will prove the boundedness of multi-sublinear operators

T ae (O, mn) generated by multilinear fractional integral operator on product

ger’1eralized Morrey spaces M , (R” )x XM (R" )

We find it convenient to define the generalized Morrey spaces in the form
as follows.
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Definition 2.1. Let go(x, r) be a positive measurable function on R" x (O,oo) and

1< p<o. We denote by M Do = M IO'(/,(R”) the generalized Morrey space,
the space of all functions f L'F?C (Rn ) with finite quasinorm
1
1 =
1], = sup o r) B P] oier:
P2 xeR",r>0 P

Alsoby WM, =WM (R”) we denote the weak generalized Morrey space of
all functions f eWL'SC(R”) for which

1
” f ”WM = sup (p(X, I’)_1|B(X, r) P ” f ”WL (B(x.r)) <o
P2 xeR"r>0 P

Lemma 2.1. [3] Let go(x, r) be a positive measurable function on R" x (0, oo) :

(i) 1f

:
supr—zoo for some t >0 and forall x e R", 2)
t<r<o @ X,r)

then M (R”):G).

(ii) 1f
sup o(x,r) ™ =co forsome 7 >0 andforall xeR", (3)

O<r<z

nj_
then M P (R )_ O.
Remark 2.1. We denote by Q D the sets of all positive measurable functions ¢

on R"x(0,00) such that for all t >0,

n

p

sup|——— <o, and suple(x, r)’lu < o0,
xeR" ¢(X, r) xeR" Lw(O,t)
L (t)
respectively. In what follows, keeping in mind Lemma 2.1, we always assume that

pe),.
We will use the following statements on the boundedness of the weighted

Hardy operator
H,o(r):=gta(tht , 0<t<e,

where W is a fixed function non-negative and measurable on (0, oo).
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The following theorem was proved in [11] (see also [13] ).
Theorem 2.1. [11] Let vq,vp and W be positive almost everywhere and
measurable functionson (0,c0). The inequality

esssupv, (r)H,,g(r) < Cesssupv,(r)g(r) (4)
r>0 r>0

holds for some C > 0 for all non-negative and non-decreasing g on (0,oo) if and
only if
B :=supv, (r)-ro _ witjdt
r>0 " SUP s V1(S)
Moreover, the value C = B is the best constant for (4).
Remark 2.2. In (4)-(5) itis assumed that 0-c0 = 0.
In  the following lemma we get Guliyev local estimate
(see, for example, [8,9,10] in the case m =1and [12]in thecase m >1)  for

the operator T, , .

< o0 (5)

Theorem 2.2. Let 1<p,,...,p, <o and O<a<mn with

m
Yq=Vp,+..+Up,—a/n and  a=>) o where each «; satisfies

i=1

n oo : -
O<a; <— .Letalso T, bea multi-sublinear operator which satisfies the
P '

condition (1) and bounded from L, (R")x..xL, (R") to L,(R") for
p, >1 i=1..,m, and bounded from Lpl(R”)x...x L, (R”) to WLq(R”)
for p, 21, i=1..,m.Thenfor p, >1, i=1...,m the inequality

’Ta,m (‘?XX)( (B rqlilftal_m_lu f,

holds for any ball B(xg,r) and forall f e L'Sf(R")x....x Le (R”) Moreover, if
at least one p; equals one the inequality

o (F, < T

holds for any ball B(xg,r) and forall f < L' (R”)x Lx L (R”).

dt, (6)

Ly (B(%.))

dt, 7)

L, (B(x,t))
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Proof. Let 1< p,,..., p,, <o and 1/q=1/p, +...+1Y p, —a/n. For arbitrary
xg €R", set B=B(xg,r) for the ball centered at xg and of radius r,
2B = B(xg,2r). We represent f =(f,,..., f.)as

_ 0 o 0 _ o
fo=f +f" fi=Ffr. T =Ffx

Then we split T, (fXx) as following ,

‘Ta,m(FXXXSCo‘Ta,m(flo ..... f Xxx

,j=1...m. (8)

+
L,(B(x.r))

T""m (F]‘LP(B(XJ)) < ’T“vm (f Ol

<Il+Il.
For |, by the boundedness of Ta,m on product Lp spaces, we have,

anlF ]‘ ‘Fam 1 <HHf H fli[”fillei(B(x,zr))'

Taking into account that

n n
i o @iT 1 _
|| fi”'—pi X 2r))< r Pi -[Zrt Pi || fi”'—pi (B(X,t))dt’ 1=1...., m
we get
. o (9)
T ()] (50 S qH B 1 Y
For I, first we consider the case £, —,82 = =L, =©.

When |[x—y;|<r, [z—y;|>2r, we have %|z—yi|£|x—yi|§g|z—yi|,and

therefore
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_ dy”ZB(x,r)

L(R")

S8 I S R <Y
i=1 '

From inequality (5.9) in [10], forany p>1 we have

J.CB(X,ZI') X= y f (y)dy § ;tﬁ_ﬁ_lu f

so we have

. t, (10)

Lp(B(X,t))d

’Tavm (Fw]‘Lq(B(x,r)) < liﬂl[rqLwtai_m_1||fi”Lpi(B(x,t))dt'

Finally, for the case that By =P =-.=p6; =0 for some

{jL..., jl}c {L,..,m} where 1<1<m , we only consider the case only /3 =0
since the other ones follow in analogous way.
Choose a series positive numbers 0,,9, 0y which satisfy

Ta,m (flov fZOO """ fn:O }‘Lq(B(X’r))

m [fi(v:)
§ Ta,m (flol qu(B(x,r)) ]:2[ LB(X,Zr)|X _ y_|n—ai dyl o)
! Lg; (B(x,r
m [fi(v:)
§ || fl”l—pl(B(X’r)) U J.CB(X,ZI’)|X _ y4|n—a dy| HZB(X,I’) LQi (R”)

ifai 0 aifi_fl m 1 0 aififl
LA W ||f1||Lpl<B<x,r>>dt1;[rq' URRGN L1

oom 0 ai—i.—l
<r? E[J-, t " fi”Lpi(B(x,t))dt'
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For the proof of inequality (7) , pay attention to the fact that | pm 1S
bounded from L (R")x...x L, (R”) to WLq(R”) for at least one p; equals one

if Z:il]/ P, —1/g, =a/n, then by a similar argument above can we easily prove

inequality (7).

So far, the proof of Theorem 2.2 has been finished.

Now we give the boundedness of multilinear fractional integral on product
generalized Morrey spaces.

Theorem  2.3. Let 1<p,,... P, <o, O<a<mn  with

Yg=Yp, +..+Yp, —a/n and a:Zai where each ¢ satisfies

i=1

0<gq; <1. Let also (gol,...,gom,(p)eQ
Pi
condition

o ><...><Qpl qu satisfies the

n
m_ . essinf g, (x,s)s"
[1] ==— dt < g(x,r). (11)
- r LN -
=1 o !
Letalso T, be a multi-sublinear operator which satisfies the condition (1) and

bounded from L, (R")x...xL, (R") to L (R") for p;>1 i=L..,m, and
bounded from Lpl(R”)x...x L, (R“) to WLq(R") for p, 21, i=1.,m. Then
the operator T, . is bounded from product space M - (R”)x...x M, (R”)

to MW(R”) for p,>1 i=1..m and from product space
Mpb%(R”)x...prm% (R")to Wqu(p(R”)for at least one p; equals one.

Proof. Let 1< py,.,py,<o and feM, (R")x.xM,  (R"). By
Theorems 2.1 and 2.2 we have

T (f] < sw lx r)lli[ [ L

a9 "~ xeR",r>

m S m
<I1 sop abr) "Il e =T 11T, .

i=—1 XeR",r>0

When p, =1 (i =1,..,m), the proof is similar and we omit the details
here.
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Corollary 2.1. [12] Let 1<p,s P, <o, O<a<mn with

m
1Yq9=Yp, +..+Yp,—a/n and 05=Z:czi where each ¢ satisfies
i=1

O<ai<l. Let also (gol,..,(pm,(p)er x...pr qu satisfies  the
pi 1 1
condition (11).
Then the operators |, and M, are bounded from product space

MpM(R”)x...prm%(R") to MW(R”) for p, >1, i=1..,m and from

product space M, (R”)x...x M, ., (R“) to WMW(R") for at least one pj
equals one.
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